We take an additional step towards the optimization of the novel finiterange pseudopotential at constrained Hartree-Fock-Bogolyubov level and implement an optimization procedure within an axial code using harmonic oscillator basis. We perform the optimization using three different numbers of the harmonic oscillator shells. We apply the new parameterizations in the O-Kr part of the nuclear chart and isotopic chain of Sn, and we compare the results with experimental values and those given by a parameterization obtained using a spherical code.
Introduction
Novel approaches are essential when one aims to build an energy density functional (EDF) with spectroscopic quality and high predictive power, possibly applicable for beyond-mean-field calculations.
The two most used families of non-relativistic nuclear EDFs are based on effective Skyrme and Gogny interactions. Despite their ability to reproduce nuclear binding energies fairly well, their shortcomings have also be-come apparent. The often used two-body density-dependent term, which is needed to reproduce some nuclear matter properties [1] , introduces problems in beyond-mean-field and symmetry-restoration calculations -for example, clear inconsistencies and anomalies can be seen in projected energies [2, 3] . Some strategies have been implemented to handle the problem with singularities, but there is no general solution for these problems unless the total energy is directly derived as an expectation value of a true interaction that is called functional generator [4, 5] .
Concerning the predictive power, recent analyses point out to the fact that the uncertainties of state-of-the-art models increase rapidly when going towards both the proton and neutron rich nuclei (see Ref. [6] and references cited therein). In addition, these models miss some important physics, since differences between theoretical calculations and experimental results cannot be explained by statistical errors.
Thus, to achieve significant improvements, novel approaches are called for. One possible direction is an EDF generated by a finite-range pseudopotential [9, 10] . The first EDF parameter adjustment gave promising results [10] . However, propagated errors in deformed nuclei were found to be large, emphasizing the need for input data to constrain deformation properties. Furthermore, if the adjusted parameters are meant to be used for deformed nuclei with a code using a harmonic oscillator (HO) basis, it is interesting to study the dependence of parameters and statistical errors on the dimension of the basis.
Methods
We follow the definitions of the finite-range pseudopotential introduced in previous studies [9, 10] . The different orders n of the pseudopotential are written as
is the relative momentum operator, r ij = r i − r j is the relative position, andP σ (P τ ) is the spin (isospin) exchange operator. We used a Gaussian form for the regulator g a (r) = 1 (a √ π) 3 e −r 2 /a 2 with a = 1.15 fm. There are three operatorsÔ
In addition, the zero-range Skyrme
was used with x 0 = 1 and t 0 = 1000 MeV fm 3 . This term is active in the particle-hole channel only and counteracts the strong attraction from the finite-range term needed to obtain pairing strong enough in the bulk. We considered only the local version of pseudopotential defined by the condition
, and as a consequence, parameters were coupled so that
In the end, there were 9 parameters to be optimized at local NLO, since one constant defining the zero-range spin-orbit term was also optimized.
We optimized parameters p of the functional by minimizing the penalty function,
where N d represents the number of data points, O i (p) and O exp i correspond to theoretical and experimental values of chosen (pseudo-)observables, respectively, and ∆O i represents the tolerance related to the specific data point. Since the purpose of this study was to quantify the effects of the used model space size and compare the results with a parameterization optimized in a coordinate space, the data set followed the one of Ref. [10] . The only exception was the average neutron pairing gap ∆ n in 120 Sn. In Ref. [10] the average neutron gap was calculated with max = 9 and max = 11 (see [10] for the definition of max ). In this study it was calculated only once with the same set-up as the other data points. Otherwise the data set consisted of binding energies and radii of 8 doubly magic and semi-magic nuclei, namely 40 Ca, 48 Ca, 56 Ni, 78 Ni, 100 Sn, 120 Sn, 132 Sn and 208 Pb, and altogether six data points of pseudo-observables in the infinite and polarized nuclear matter. Finally, to avoid isovector finite-size instabilities, we used the isovector density ρ 1 (r) in the center of 208 Pb, and we aimed for the value ρ 1 (0) > 0, in the very same manner as described in Ref. [10] .
We used the axial code HFBTEMP [11] together with the optimization algorithm POUNDerS [12] for derivative-free nonlinear least squares problems. The code HFBTEMP expands the solutions of the HFB equations on the axial HO basis and we will use it for fits including deformed nuclei in future. We benchmarked HFBTEMP successfully against HFODD [13] , and POUNDerS was already applied earlier in the field of nuclear physics [14] . We optimized the local NLO pseudopotential by using three different numbers of the HO shells, namely 10, 12, and 14, whereby we obtained three parameterizations that we discuss. 
Results
The convergence of the optimization procedure is shown in Fig. 1 . In the upper panel, the values of the objective function χ 2 are represented in a logarithmic scale as a function of the number of the optimization round, whereas in the lower panel the scale of χ 2 is natural. We observe that the required number of optimization iterations does not significantly depend on the used number of the HO shells. However, the needed computational time for every iteration is, of course, greater when a larger model space is used.
Using the same set-up as in the optimization, we tested the three obtained parameterizations by calculating even-even nuclei in the O-Kr part of the nuclear chart. The obtained binding energies are shown in the form of residuals E T h −E Exp in Fig. 2 . Here, all calculations were done at axially deformed HFB level, that is, for each nucleus we obtained the energy minimum with respect to deformation. Experimental binding energies were taken from AME2016 atomic mass evaluation [15] . We compare the residuals to the ones given by the parameterization REG2c.161026 of Ref. [10] , that was obtained by using the spherical coordinate space code FINRES 4 [16] . In this study, the theoretical binding energies given by REG2c.161026 were computed with HFBTEMP and 14 HO shells, assuming axial symmetry.
We observe that the differences between the results obtained with the parameters adjusted for 10, 12, and 14 HO shells are small in this part of the nuclear chart. These results differ more from the ones obtained by REG2c.161026, but still the differences are minor in mid-shell nuclei when comparing to the values of residuals. This can be seen also in Fig. 3 , which represents the binding energy residuals of Mg and Sn nuclei as functions of the neutron number. Fig. 3 shows how the binding energy residuals are greater in mid-shell nuclei, as expected, and how the binding energy residuals are not necessarily smaller if a larger model space is used. Our results for REG2c.161026 parameterization give less bound light nuclei since it was optimized with a code using coordinate space representation. This effect fades away in heavier nuclei, since a smaller basis state set can no longer accommodate all relevant aspects of a coordinate-space-based HFB solution.
Summary and outlook
We optimized a local finite-range pseudopotential up to next-to-leading order by using 10, 12, and 14 HO shells. We applied the three parameterizations in the O-Kr part of the nuclear chart and Sn isotopic chain. The obtained differences of computed binding energies turn out to be relatively small. This reflects the fact that even though the binding energies do depend on the number of used HO shells, this dependence is fairly well absorbed in the parameters during the optimization. Nevertheless, importance of the larger model space increases in heavier nuclei. The next step in the optimization of the pseudopotential will be to include data on deformed nuclei in the penalty function, and the work in this direction is in progress.
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